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1.3. COMMENTS ON THE PHYSICS OF TURBULENCE 13

the functional forms of the inner and outer solutions are the same in the overlap
region. This is a much stronger condition than requiring the two solutions to have
the same value at a given point. Hence, if their functional forms are the same,
so are their first derivatives. Thus, differentiating both sides of Equation (1.11)
with respect to x, we have

r/(”“u:'/'t f'(kn) = k02’ (k) for kn <1 and kl>1 (1.12)

Then, noting that the Kolmogorov length scale is n = »*/4¢~*/% while Equa-
tion (1.4) tells us k = ¢2/3¢2/3, we can rewrite Equation (1.12) as

V21 (k) = 52'/3[8’/'54/’“/) for kp <1 and k0> 1 (1.13)

2;’2/"?, e\,iﬁ.

Finally, multiplying through by »3/%¢~2/% and using the fact that v n

we arrive at the following equation.

(m;)s/“if/(my) = (k0)83¢(rt) for k< 1 and K€>> 1 (1.14)

If there is a wide separation of scales, we can regard «7) and «/ as separate inde-
pendent variables. Thus, Equation (1.14) says that a function of one independent
variable, #7, is equal to a function of a different independent variable, ~¢. This
can be true only if both functions tend to a constant value in the indicated limits.
Thus, in the Afzal-Narasimha overlap domain, which is the inertial subrange,

(h‘l})gﬂf/(h'l]) = constant =  f(kn)= (‘,\-(m])*‘r"/'j (1.15)

where C' is a constant. Combining Equations (1.9) and (1.15), we again arrive
at the Kolmogorov inertial-subrange relation, viz.,

E(k) = Cye?/3x=3/3 (1.16)

which is identical to Equation (1.8).

Although the Kolmogorov —5/3 law is of minimal use in conventional turbu-
lence models, it is of central importance in work on Direct Numerical Simulation
(DNS) and Large Eddy Simulation (LES), which we discuss in Chapter 8. The
Kolmogorov —5/3 law is so well established that, as noted by Rogallo and Moin
(1984), theoretical or numerical predictions are regarded with skepticism if they
fail to reproduce it. Its standing is as important as the law of the wall, which
we discuss in the next subsection.

1.3.5 The Law of the Wall

The law of the wall is one of the most famous empirically-determined rela-
tionships in turbulent flows near solid boundaries. Measurements show that, for
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where F(u,y/v) is presumed to be a universal function. Examination of exper-
imental data for a wide range of boundary layers [see, for example, Coles and
Hirst (1969)], indicates that, as a good leading-order approximation,

1
F (ury/v) — = as ury/v — 00 (1.19)
.
where « is Kdrman’s constant. The function F(u,y/v) approaching a constant
value is consistent with the notion that viscous effects cease to matter far from
the surface, i.e., if it varies with w,y /v it would thus depend upon v. Integrating
over y, we arrive at the famous law of the wall, viz.,

U 1 ugy
— —cpitag (1.20)
Ur K v
where C is a dimensionless integration constant. Correlation of measurements
indicate C' ~ 5.0 for smooth surfaces and « ~ 0.41 for smooth and rough

surfaces [see Kline et al. (1969)].
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Figure 1.5: Typical velocity profile for a turbulent boundary layer.

Figure 1.5 shows a typical velocity profile for a turbulent boundary layer.
The graph displays the dimensionless velocity, ™, and distance, y ™, defined as:

v
wt =2 and yt=4Y (121)

Ur v
The velocity profile matches the law of the wall for values of y™ in excess of
about 30. As Reynolds number increases, the maximum value of y™ at which
the law of the wall closely matches the actual velocity increases.





